
113 Class Problems: Direct Products and Sums

1. If two groups are isomorphic then both must satisfy exactly the same properties. With
this in mind, prove the following:

(a) Z/3Z× Z/5Z ∼= Z/15Z.
(b) Z/3Z× Z/3Z ∕∼= Z/9Z.
Hint: Consider the order of elements on both sides.

Solution:

2. Let G,K be groups. Prove the following:

G×K Abelian ⇐⇒ G and K Abelian.

Solutions:

 

a Ord Ci ci Is and 17432 2 52 IS

Zzz Else cyclic 7432 7
2 74152

b 3 Cx Cy co 033 Ord Gx Cy C 3

Ord Cbg 4 73

2 32 7432 I 322
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G K isomorphic to subgroups at G xk

G x k Abelian All subgroups are Abelian G K Abelian



3. A subgroup H ⊂ G is proper if H ∕= G.

Using question 2, prove that Sym3 is not a direct sum of two proper subgroups.

Hint: Consider the sizes of proper subgroups.

Solutions:

4. Let H1, H2 ⊂ G be subgroups such that G = H1 ⊕H2.

(a) Prove that H1 is a normal subgroup of G.

(b) Prove that G/H1
∼= H2.

Hint: Is there a natural surjective homomorphism from G to H2?

Solutions:
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ISym I G H K C Sym proper such that Sym H K I H k

htt 2 1kt 3 without loss of generality
2 3 prime It 2122 K The Sym I 2122 7432

Sym Abelian

Contradiction Sym is non Abelian
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Properly a homomorphism

Ker H H o G f
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