113 Class Problems: Direct Products and Sums

1. If two groups are isomorphic then both must satisfy exactly the same properties. With
this in mind, prove the following;:

(a) Z/3Z x /57 = 7/ 15Z.
(b) Z/37Z x 7./37 % 7.]9Z.
Hint: Consider the order of elements on both sides.
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2. Let G, K be groups. Prove the following;:

G x K Abelian <= G and K Abelian.

Solutions:
Lt Cﬁukl), (3g,h-,_) e GR¥F > cﬁl'h!)* (erhz) = C?)an, hlh‘l.)

)
GIKAMM%= (313|/h2h\) = COzlh‘!)* (3',h|)

(=>) G, K :’somw/vtuc 1o S““'Jn'r‘ A Gk,

G x & Abelian = Al Substoto ave PRhbelian = &, K Abelionm



3. A subgroup H C G is proper if H # G.
Using question 2, prove that Symg is not a direct sum of two proper subgroups.
Hint: Consider the sizes of proper subgroups.
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4. Let Hy, Hy C G be subgroups such that G = H, & Hs.
(a) Prove that H; is a normal subgroup of G.
(b) Prove that G/H; = H,.
Hint: Is there a natural surjective homomorphism from G to Hs?
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